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Let P be a finite partially ordered set. The length I(x) of an element x of P is defined by the 
maximal number of elements, which lie in a chain with x at the top, reduced by one. Let w(P)(d(P)) 
be the maximal number of elements of P which have the same length (which form an antichain). 

d(P) d(e") 
Furtherlet P":=P×...×P. The numbers rk:= max and sj,:= max l i r a - -  as 

n-times PzlPl=k w(P) P:lel=k n-~ w(l~) 
well as all partially ordered sets for which these maxima are attained are determined. 

I. Introduction 

Let P be a finite partially ordered set (poset). Let  C = (co < . . .  < ca) be a chain 
in P and let I(C):= ICI - 1 = a .  We say, c has length I(C). To each element u o f  P 
we may associate a unique number  l(u) (the length o f  u) which is equal to the maximal 
length o f  a chain f rom any minimal element in P to u. Let l ( P ) : = m a x  l(u). All 

u£P 
elements o f  length i form the i-th level N~(P). Let WI(P):=IN~(P)I and 
w(P) :=  max W~(P). Fur ther  let d(P)  be the size o f  a maximum antichain in P, i.e. 

i ~/0,...,t~p)} 
the maximal number  o f  pairwise incomparable  elements in P. It is well-known that  

d(P) ~ I for each poset P. The posets each level o f  P is an antichain. Consequently,  w(P) 

for  which d ( P ) =  w(P)  are called Sperner posets. In many papers Sperner posets are 
investigated, and several sufficient conditions are known that a poset or  a direct pro- 
duct  o f  posets is a Sperner poset ;  see, for instance, [3], [5], [6] and [9]. (The direct 
p roduc t  P ×  Q of  two posets P and Q ~s defined on the Cartesian produc t  o f  the sets 
P and O_ as follows: (ul, v0e× ~Q (u2, v2) iff u~ ~ u~ and vl ~ v2.) Let  

d(e) d(e") 
r k:= max and s k:= max lim 

L e:lPl=k w(P)  e: le l=~--~ w(P") ' 

where P" : :  P X . . .  × P. (In the p roof  o f  Theorem 2 it is proved that st and, especially, 
n-times 

the corresponding limit always exists.) 
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In our paper we will determine r k and s k. Further all posets P with tP l=k  
d(P) ,. d(P") 

for which w(P)--rk or . . . .  lira ~ w ( p  ) Sk will be determined. We call them anti 

Sperner posets (a.S.p.) or limit anti Sperner posets (l.a.S.p.), respectively, since they 
can be regarded as extremal posets in contrary to the Sperner case. Since in general the 
values w(P) or w(P") can easily be determined or asymptotically estimated (n~  co), 
respectively, we thus obtain "'best" estimates lbr the size of a maxinlum antichain 
(w(P)~d(P)-~-rkw(P), w(P")<d(P")~SkW(P")). In all what follows we suppose 

d(P") 
that IPl=>3 (otherwise w ( P " ) - 1 ,  n = l , 2  . . . . .  and all posets with [PI<3 are 

a.S.p, and I.a.S.p.). 

2. Determination of rk 

Theorem 1. r k :  ~- . ([x] is the largest integer not greater than x.) I f  IP i=  

k - I  k-1 
= - - + 2  2 (one) a.S.p. 1./" IPr= k > 3  and k is odd (even), then there are 2 ' 

=-k =3, we have 5 a.S.p. 

Proof. Obviously, all posers with IPI 3 are a.S.p., and there are 5 posers containing 
3 elements. Let IPl=-k>3.  We put p:=l(P).  Then there exists a chain (co . . . .  <%)  
such that l(c~)=i(i=O . . . .  ,p). Evidently, d ( P ) ~ ( k - p  1 ) + l = k - p .  

Case 1. w(P)= I. 

Then ~ -~ - -  . 

Case 2. w(P)=2 .  

Then p + l  =>]--~-~ [ , where ]x[ is the least integer not less than x. Wehave 

w ( P )  ~ w(P) ~ } k + l -  : ~  . 

I/~l" 
Equality holds iff p + l : / - ~ - /  and d ( P ) = k - p .  From this one can conclude 

J - - L  
(further details are omitted): If k is even, then there is only one a.S.p, which is given 

k - 1  
in Figure 1 by its Hasse diagram. If k is odd, there are ~ + 2 (k- 1/2) a.S.p, which can 

be obtained from the a.S.p, of  k + I elements as follows' Omit an arbitrary element of  

{do, . . . ,  dp} --[p- k -2 1.}" and, if dp is omitted, add as one wants the relation di< % 

C0 . . . .  , p -  1}) .  

Case 3. w(P)=3 .  
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c o ~ • d~ 

F i g .  I 

l k [  
Then p + l  ~-l~-[" Hence 

d(P)  < k - p  < 

w(P)  - w(P)  - 

Case 4. w (P) >: 4. 

2 k + 3  l l k + Z  l 
9 < 2 [ ~ I "  

Then w(P)  <= 4 < 2  " ! 

3. Determination of sk 

Let 

1 1 f ~ 2 ,  i f k  i seven,  

qk := I 

! ~ 4  2 + ~ ,  if k is odd. 

Theorem 2. qi = sk. There are only l or 2 1.a.S.p. ( f k  is odd or even, respectively. 

Proof. If  P is an antichain, then d(P") _ 1, n =  1, 2 . . . .  , and P is not a l.a.S.p. In all 
w(P") 

what follows let P be not an antichain and IP[= k. 
In order to formulate a result of V. B. Alekseev [1] we need the following 

definition. A representation of a poset P is a mapping z: P-+R such that z ( x ) -  
-z (y)=>l  if x > y .  Let N~:= {x~P;  z ( x ) = e } .  To each representation z of  P one 
can associate a discrete random variable U as follows: 

IN:I 
P ( ~  = c )  - k 

Let E(¢0  and V2(~ =) be the expected value and variance of ~:, respectively. Now let 
D ( P ) : = i n f  V2(U), where the infinmm is extended over all representations z of P. 
In [l], Lemma 1 it is proved that there is always a so-called optimal representation z * 

3* 



304 K. ENGEL,  N. N. K U Z . I U R I N  

of  P such that V2(~*)=D(P). We need Theorem 2 of [1], (for related results see 
[2] and [4]) which reads 

1 k" 
(1) d(P") as n ~ oo. 

¢ -ff(p ) G 
From the proof  of Theorem 1 in [7] one can easily derive that 

1 k" 
(2) w(P") ~ . - -  as n ~ ~o, 

1/27tL(P) }/n Ira, 

where L(P):= V2(2), and 2 is the discrete random variable for which 

W,(P ) 
P ( ; ~  : ~) - 

k 
We conclude from (1) and (2) that 

d(P") ] / L ( P )  
lim w(p~)= F D ( P )  " 

. L ( P )  2 
Consequently, we must prove ttlat ~ ~ qk (in the end of  the proof  of  Theorem 2 

we show that there are actually posets for which equality holds). In the following we 
will estimate L(P)  and D(P) under the supposition that p:=l(P)  and t:=[N~(P)I 
are fixed values. But at first we need the following. 

Lemma 1. Let ~ and ~" be discrete random variables such that P (~=i )=adk  , 
P 

P(~'=i)=bi/k ( i=0  . . . . .  p), where a i and b i are integers ( i=0  . . . . .  p) with z~ a~= 
i=O 

P 
= ~ b,=k. l f j ~ E ( ~ )  and 

/ = 0  [a,+l, if i = j - l ,  
bi = l a i -  I , i f  i = j, 

ai, otherwise 
or i f  j>=E({) and 

l a i -1 ,  i f  i = j, 
b~= a i + l ,  ![  i = j + l  

- a~, otherwise 
then VZ(ff)~ V2((). II 

This lemma can be proved by a short calculation. We say, ~" can be obtained 
from ~ by a shifthzg step. 

Lemma 2. a) L ( P ) < =  ( P - l ) 2  4 ~-~k ( T p z + 3 p - 2 + 6 t ) "  

in addition k-<= l +p + p2~P_ l t, then 
A 

b) i f  

1 ( p ( P 2 D .  L ( P ) < - k  ( ( P - I ) p ( 2 p - 1 )  ~ - t p 2 ) - ~  - , - : - - + t p )  
- 6 
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t 
Proof. I f  we apply many times a shifting step starting with 2 such that P ( v = p )  =-~, 

for every random variable v which appears in the shifting procedure, we obtain that 
L ( P )  = V°-()O is not greater than V2(p), where 

P(p  = O) = k - p - x - t + l  
k 

1 
P ( p = i )  k ( i =  1 . . , p - 2 ) ,  

x + l  
P(p  = p - - l ) - -  k ' 

t P(~ = p )  = ~,  
(see Figure 2). 

? ? ? ? ? ' r  

k - p - x - t  

Fig. 2 

If  we consider VZ(p) as a function of x then the maximum is attained on 
k - p  p 

x = - -  - -  t and its valueis thatgiven in a). Since we estimate L(P)  in thecase 
2 p - 1  

p = l ( P )  we have at least one element in the level Np_I (P  ). Hence, we may suppose 

that x.->_0. If  k ~ l + p +  n z ~ P  I t, then the function VZ(p) depending on integers 

x ~ 0  attains its maximum on x = 0 .  The value of this maximum is that given in b). 1 

Lemma 3. D (P) ~ P 12(p + t )k  (pa +4tp'~ + 6tP - p  +2t) .  

Proof, Let z* be an optimal representation of P. Then let % be such an element of  
Np(P)  for which z*(c . )=  rain z*(u). Obviously, there is a chain C=(c0 . . . .  <%) .  

u E Np(P) 
We have 

z* (c3-z*(c i_ l )  >= I (i = 1 . . . .  , p )  and 
(3) 

z*(u) >-- z*(%) (u<Np(P)). 
If  x :=E(~ '*) ,  then 

I (~'(,,)-x)~. 
, - ~  l (:,~,,,)_x)2+ Z (4) D ( P )  = V~(~, ~*) >= ~ -k- , 

i = 0  nf Np(P) 
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I f  .v>z"(cp).  then because o f (3 )  and (4) 

(5) D ( P )  ~=. k (P-i)'~. 
t = 0  

.\-~,- (~p), then l e t . / b e  the smallest integer lk)r which z*(cj)-~x. Now we have 
becattse of  (3) and (4) 

p - j - 1  I t • . .., 
D(P)  ~ . ~ ~ ( z*(c j )+t -x )"  +~(z*(c j )+p- - j - -x ) '  = S(x+j--z*(ci)) ,  

t =  - - j  

P I I  ),, t 
where S ( y ) : =  ~ ~ ( y - i  + ~ - ( y - p ) " .  Inequali ty (5) can now be writ ten as 

i = O  

D ( P ) ~ S ( p ) .  If we minimize S (y )  as a function o f y  we obtain the value given in the 
lemma.  II 

We cont inue with the p roof  of  Theorem 2. 

Case 1. p ~ 4. 
Because o f  Lemma 2 and 3 we have 

where  

F(p, t, k) := 

We shall prove  that  

(6) 

L ( P )  
D ( P )  - F(p, t, k), 

( p -  1) ~' 
4 t - ~ k ( - P 2 + 3 p - 2 + 6 t )  

P' t"- (P 'a+4 tp"+6 tp -p+2t )  
1 2 ( p ±  ~t¢ 

k + 2  
F(p, t, k) < - - ,  

4 

i.e. no poset P with / ( P ) ~ 4  is a I.a.S.p. Inequali ty (6) is equivalent  to A ~ < B l . k ,  
where 

Aa := 48pt ~ + (  - 16p:~+6Op~-2Op)t+( - 10p4 +24p  s -  14p 2) and  

Bt := ( 4 p 3 - 6 p 2 + 2 6 p - 1 2 ) t + ( p  4 -  12pa+23p " 12p). 

Because of  t := 1 it is B1 ~_p2 ((p _ 4 ) 2 +  I )>-0. Moreover  we have k =~p + t since there 
are t elements o f  P i n  Np(P) and co . . . . .  %_~ are further  p elements o f  P. Thus,  it is 
sufficient to prove that  A ~ < B~ • (p + t ) which is equivalent  to 

(7) A,,t2 + B.,,t +C,, > O, 

where A 2 : = 4 p 3 - 6 p 2 -  22p -12 ,  B,,:= 5p4-  2p'~-- l i p"--4p, C~:=pS- 2p4-p3 + 2p ~. 
Since A2, B2, and C, ,>0  (for p ~ 4 )  and t e l  the inequality (7) is true. 

Case 2. p = 3. 
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From Lemmas 2 and 3 we obtain 

L(P) -~ 1 +9~ (6t-2) ,  

L ( P ) ~  5+9tk ( 3 ~ 3 t ) "  

14t+6 
- - - -  . 

D(P) => (t+3)k 

We will prove that there is not a l.a.S.p. 

Case 2.1. k > 4 + 3 t .  
It is sufficient to prove that 

l 
1 + ~ ,  (6 t -2)  

14t+6 
( t+3)k 

which is equivalent to 

(8) 

which is equivalent to 
k > 4 + 3 t  and ( lOt-6)(4+3t)>12t"-+4t-24.  

Case2.2. k -<4+3t. 
It is sufficient to prove that 

 +9,k 
14t+6 
(t+3)k 

if k ~ 4+3t ,  and 

k + 2  
4 

Azk" + B.~k + C:~ > O, 

A 3 : = ~ - t + % ,  B3:=-9 t ' z -25 t -12 ,  and C~:=(9t*+18t÷9)(t+3). where Since 

4A~C.,>B~ if t>=l. inequality (8) is true. 

Case3. p=2 .  
This case can be treated analogously to Case 2. 

Case 4. p = I. 

We have L ( P ) =  T 1 -  If there are elements u~, vi, us, v2 of P 

such that u l<vl  and u2<v_~ and if x:=E(~=~), then it holds because of z*(vi)- 
- z* (u l )~  I, i=1 ,2 .  

1 
o(  p ) >= ~ ((2(l ,O- x)~ +(z*(vO-x)" +(z*(u~)- x)~' +(z*(v~)- x) ~) >= 

1 

k 

Hence, L(P) k D(P) ~ -4' and such posets are not i.a.S.p. 

k + 2  
4 

( lO t -6 )k>12 t2+4t -24 .  The last inequality is true since 
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t 

k - t - 1  x 

Fig. 3 Fig. 4 

There remain only posers of types given in Figures 3 and 4. 
Consider first posets P of the first kind. Obviously, an optimal representation 

z* is given by 
O, //" u = c ,  

, i f  u6No(P)N{e},  
t 

~*(u) := 7 ~ q  
I, i/" u~ N~(P), 

I L(P) ( t + l ) ( k - t )  
and i t i s  D ( P ) =  k ( t +  l------ff" Hence D ( P ) =  k 

if 

-< 2 
= qk, and equality only holds 

(9) 

k k 
or ~- -1 ,  

t =  
k - 1  

2 ' 

tf  k is even, 

~' k is odd. 

Finally consider posets P of the second kind. We may suppose x->_2 since the '( case x = l  was settled above with t = l .  Obviously, L ( P ) = ~  1 -  and D(P)=  

1 x 2 I 
- - > - - - -  Hence, 

k x + l  - 3  k 

L ( P )  3 { l _ k  } k + 2  2 
o ~ F ) ~ 2  < ~--_--  q~. 

Consequently, only posets given in Figure 3 for which (9) is satisfied are l.a.S.p. I 

4. Concluding remarks  

Theorem 2 can be generalized in the following way. Let {S,} be a sequence of 
posets such that ] S , l ~ k  ( n = l ,  2, ...), We suppose that there are infinitely many 
posets of {S,} which are not antichains. We collect them in the subsequence {S,,} 
( i = ! , 2  . . . .  ). Let Pn:---S~×...×S,. 

d(&) 
Theorem 3. lim sup w(P.) =~q*" 
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d ( P ×  A) d (P)  if A is an ant ichain.  Hence ,  
P r o o f .  At  first we ment ion  tha t  w ( P X  A) = w ( P )  

d ( e , )  d(O,) 
• - l im sup (10) hm,,.~sup~ w(P~) i ~  w(Qi) 

where Q i : = S , , x  ... x s ~ , .  Let k~:= ]S,,I. In [4] it  is proved that  

kl . . -ki  
d ( Q i ) ~  as i ~ o .  

1/27r (D(S, , )  + . . .  + D(S.,)) 

Ana logous ly  to  (2) one can derive from Pet rov ' s  l imit  theorem for k-sequences of  
i ndependen t  r a n d o m  variables  (see [8], p. 189) that  

k l . . . k i  
w(Q i) as i - ~  

¢2,~(L( s,, ) + . . .  + L (S,,)) 
( D ( S , )  and L ( S , )  are  defined as in the beginning o f  3.). W e  c o n c l u d e  

(11) d(Q,) _ L(S, , j)  (l + o a ( l ) )  

w(Q,) D(S,~) (I +o.2(1)) " 

j=o 

F r o m  the p r o o f  of  Theorem 2 we obta in  

L ( S , )  .,, 
D(S,,j) ~ qk~ ~ q~ (J 1 . . . . .  i).  

Now the inequal i ty  given in Theorem 3 can be derived from (10), ( 11 ), and  (12). II 
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